This paper investigates how to "observe" a planar object being pushed by afingel: The pushing is govemed by a nonlinear system that relates through contact the object pose and motion to the finger motion. Nonlinear observability theory is employed to show that the contact information is often suficient for the finger to determine not only the pose but also the motion of the object. Therefore a sensing strategy can be realized as an observer of the nonlinear dynamical system, which is subsequently introduced. The observer; based on the result of [6], has its "gain" determined by the solution of a Lyapunov-like equation.
Introduction
Sensing and grasping are often performed sequentially by robots. But this is not the case with human beings. Even with no help from vision, the human hand can usually manipulate an object by feeling the contact and utilizing this information to control the object.
For example, try to grasp something, say, a pen, on the table while keeping your eyes closed. Your hand gropes for it on the table until one of the fingers touches the pen and starts pushing it for a short distance. By feeling if the contact is almost stable, moving counterclockwise, or moving clockwise on the fingertip, you can quickly tell 'Support for this research was provided in part by Camegie Mellon University, and in part by the National Science Foundation through the following grants: NSF Presidential Young Investigator award IRI-9 157643 and NSF Grants IRI-9213993 and if the middle, the right end, or the left end of the pen is being touched, respectively. Immediately, you are able to coordinate other fingers to close in for a grip.
The above example suggests that the human hand has some intrinsic way of exploiting the shape information about an object and the tactile information generated by a mechanical interaction with the object. In designing a sensing or grasping strategy, we should try to take advantage of the mechanics, the manipulator and object's geometry, and their correlation. This paper illustrates such idea through the study of a specific problem: Can we determine [he pose and motion o f a known object from the contact motion on a pushing finger?
In this paper we will answer yes in general to the above question, offering a pose and motion estimation algorithm in Section 4. Figure 1 shows a simple example of a disk pushing a 7-gon and estimating the pose and motion of the polygon in less than a second using the algorithm.
Related Work
Dynamics of sliding rigid bodies was treated by MacMil-Ian [IS] for non-uniform pressure distributions, and by Goyal et al. [7] using geometric methods based on the limit surface description of friction. Montana [17] derived a set of differential equations describing the motion of a contact point in response to a relative motion of the objects in contact. The kinematics of spatial motion with point contact was also studied by Cai and Roth [3] . Mason [16] pioneered the study of the mechanics of pushing using quasi-static analysis. Alexander and Maddocks [ 11 offered analytical solution to the problem of determining the motion of a slider under applied force by a reduction to the case of a bipod. Lynch et al. [14] localized an object using the mechanics of pushing and tactile feedback.
The paper by Salisbury [ 191 introduced fingertip force sensing which determines contact locations and orientations from force and moment measurements. Fearing and Bin-0-7803-4300-~-5/98 $10.00 0 1998 IEEE The coefficient of support friction between B and the plane is everywhere /I. Object B has uniform mass and pressure distributions. Let us assume frictionless contact between 3 and B at present and discuss contact friction in Section 5. Let V F be the velocity of F, known to F's controller, 2, and w the velocity and angular velocity of 8, respectively, all in the world coordinate frame ( Figure 2 ). Figure 1 : A disk of radius lcm at constant velocity Scm/s pushing a 7-gon P while observing its pose and motion. Contact friction is large enough to allow only the rolling of the 7-gon on the disk edge. The coefficient of support friction is 0.3. (a) The scene of pushing for 0.71s. (b) The imaginary scene as "perceived" by the observer during the same time period. Although the real contact and its estimate were about 4Scm apart on the contact edge at the start of estimation, the error becomes negligible in 0.56s.
ford [5] designed a cylindrical tactile sensor to determine the principal curvatures of an object through rolling contact. Inspired by the results on exploratory procedures in human haptics, Allen and Roberts [2] fit a number of contact points around an object obtained by robot fingers to a superquadric surface representation to reconstruct the object's shape. The foundation of our work comes from the theory of the observability and observers of nonlinear systems. For a general introduction to nonlinear control theory, we refer the reader to Isidori [9] and Nijmeijer and van der Schaft [18] .
Necessary and sufficient conditions for linearization by output injection for autonomous nonlinear systems (i.e., without input) were given in [ 111 by Krener and Isidori, and in [ 121 by Krener and Respondek along with a constructive algorithm.
Gauthier, Hammouri, and Othman [6] described an observer for affine-control nonlinear systems whose "gain" is determined via the solution of an appropriate Lyapunovlike equation. Ciccarella et al. [4] proposed a similar observer whose gain vector is controlled by the properly chosen eigenvalues of a certain matrix obtained from the original system's Brunowsky canonical form. Zimmer [20] presented a state estimator based on Newton's method that conducts on-line minimization over some objective function.
Motion of Contact
Throughout the paper we consider the two-dimensional problem of a translating finger 3 pushing an object B. respectively. Assume that one curve segment of p stays in contact with cy throughout the pushing and that cy and /? are always convex in small neighborhoods of the two contact points. To avoid any ambiguity, the notation '" means differentiation with respect to time, while the notation 'I' means differentiation with respect to some curve parameter.
For example, d: = o'u = 2% gives the velocity of the contact point on the fingertip.
That 3 and B maintain contact imposes a velocity constraint:
where R( 8) is the rotation matrix associated with the orientation 8 of B , which is determined by the orientation of 3, U , and s. In our previous work [lo], we derived the contact and object motions from (l), the geometric constraints of contact, and Newton's and Euler's equations for dynamics.
Theorem 1 In the given system of 3 pushing B, the points of contact evolve according to and the object's angular acceleration and acceleration are given as
where a 3 is the acceleration of F, A and p the area and radius of gyration of B, respectively, g the acceleration of Lx,Lx* . . . L X l h j = Lx, (Lx,(...(Lx,hj) ...)),
The observability codistribution at state z E M , denoted d Q ( z ) , is defined as:
Local Observability
Given the nonlinear system (2)- (5), sensing can be viewed as to determine the object contact s, and possibly, the object's angular velocity w and velocity U , from the finger contact U. In this section we shall study whether U contains enough information for such computation, resorting to the notion of local observability in nonlinear control theory.
We refer the reader to [8] and [ 18, pp. 95-96] for more on nonlinear observability.
Nonlinear Local Observability
Let us consider a smooth affine (or input-linear) control system together with an output map:
where z = ( 2 1 , . . . , z,)~ is the state in a smooth ndimensional manifold M C (called the state space manifold), f , g l , . . . , g, are smooth vector fields on M , and h = ( h l , . . . , hk)T : M + !Rk is the smooth output map of the system. Here f is called the drift vector field and g l , . . . , gm the input vector fields. In the system, u1, . . . , U , are the inputs, called the controls. Throughout we are only concerned with the class U of admissible controls that are piecewise constant functions and continuous from the right.
Denote by y ( t , 2 0 , U ) , t 2 0, the output function of the system with initial state 20 and under control U . Two Theorem 2 (Herman and Krener) System (6) is locally observable at state 20 E M ifdimdO(z0) = n.
The equation dimdO(z0) = n is called the observability rank condition. Basically, to distinguish between a state and any other state in its neighborhood, it is necessary to consider not only the output functions but also their derivatives along all possible system trajectories. The rank condition ensures the existence of n output functions and/or derivatives which together define a diffeomorphism on some neighborhood of the state, which in turn ensures that the state is locally distinguishable.
The Disk-Polygon System
Now we study the case of pushing in which finger F is a disk bounded by Q = cos Y , sin f ) T and object B is a simple polygon. This type of pushing is representative of real tasks. The interior of one edge e of B is in contact with 3 throughout the pushing. Since a sensing strategy can hypothesize all edges of B as the contact edge and verify them one by one, we assume that e is known. Let h be 'Equations (2)- (5) are numerically solvable for U , s, U , and w . Closed forms of exist for polygonal objects; for most other shapes, it has to be evaluated numerically. At the initial state, the object and the finger are motionless. The initial accelerations are solvable using Newton's method [lo] . the distance from the centroid 0 of B to e. Choose s as the signed distance from the contact to the intersection of e and its perpendicular through such that increases moving counterclockwise on e, as shown in Figure 3 . The 
We refer to (7) and its future variations as the disk-polygon system. To apply Theorem 2 we still need to rewrite (7) into the form (6) We find that V N depends on s, w , and vg, by taking the dot product of N with the velocity constraint (1): System (7) is now rewritten as The state is z = ( U , s , w , ' U T , , ~3~)~; the inputs are the acceleration components ~3~ and UT., along the contact tangent and normal, respectively; and the output is a triple 2Given a different contact edge el it follows 8 = u / r -7r/2 + e, , for some constant 8,, .
3These equations assume that 0 and the disk center are on different sides of e. Otherwise the term r + h in the following equations for S , 3,7i needs to be replaced by rh.
Theorem 3
The disk-polygon system (8) is locally observable.
Proof
By Theorem 2 it suffices to show that the observability codistribution d 0 has rank 6 at every state. Now the observation space 0 consists of the outputs U , 7~3~ , vg, and their repeated Lie derivatives. We choose from d 0 the following differentials: Clearly, it suffices to find one more function in 0 whose partial derivative with respect to VT does not vanish.
Such a task is quite easy, for we have
The above proof in fact constructs several control sequences which, when applied for infinitesimal amounts of time, will distinguish between different states in any neighborhood. Assuming s # p, one of the functions U , vgT, ' 3 , > L f U , L,, L f U , and L j L,, L f U must have different values in any two different states close enough as guaranteed by the observability rank condition. Note that L j u is in fact the differential output under zero control. Since is realizable in an arbitrarily small amount of time by the control sequence starting with zero control and ending with UF,,, = 1 (or -1). The case with function L f L,, L f U is similar.
Support friction does not affect the local observability of the disk-polygon system, as none of the differentials chosen in the proof to span dO involve the integral r or any of its partial derivatives.
Pose Observer
With the local observability result we can view sensing strategies as nonlinear observers for the disk-polygon system (8) or for the general pushing system (2)- (5) . An observer of a nonlinear system is a new system whose state always converges to the state of the original system. The input of the observer consists of the input as well as the output of the original system.
Luenberger-like asymptotic observers [ 131 for nonlinear systems are often designed through linearization. The diskpolygon system, however, cannot be linearized for we have
violating one of Nijmeijer's necessary conditions [18, p. 1561 on linearization. Another approach of observer design transforms the original system into a linear system modulo an output injection [ll] . The necessary conditions for a nonlinear system to admit linear observer error dynamics are rather restrictive and hardly satisfied by the disk-polygon system, let alone system (2)- (5) .
Our observer, for the disk-polygon system only, uses the following result by Gauthier, Hammouri, and 0th" [6] .
Theorem 4 (Gauthier, Hammouri, and Othman)
Consider the single output nonlinear (and analytic) system 
8%
where C = (1, 0, . . . , 0), and S , is the solution of equation o = -CS, -ATS, -S,A+ CTC, (12) with Ai,j = 6i,j-1, for < large enough, is an observer for (IO) with error dynamics
The GHO observer for a nonlinear system (6) with inputs is a copy of the original system plus the error corrective term given in (1 1). To admit such an observer, not only must conditions 1 and 2 in Theorem 4 hold for the drift system S = f ( z ) , but also the original system must be observable for any input.
Getting back to the disk-polygon system (8), we consider U , s, w , and WT only as the state variables since W F~ and w~,,, are known. The drift and input fields reduce from (9) accordingly. With U being the system's only output, the new coordinates under map x consist of U and its Lie derivatives, up to the third order:
For all except at most a finite number of states, d u , rdw, r d L f w , and rdL:w are linearly independent, so the map x is locally diffeomorphic almost everywhere. The Jacobian of the inverse transformation x-' is then the inverse of the Jacobian of x.
Solving equation (12) under n = 4 for S, and plugging it into (1 l), we obtain an observer for system (8) :
It should be noted that the second condition in Theorem 4 does not hold since L~u is generally not extendable to a globally Lipschitzian function. However, L; U is locally Lipschitzian. The observer we just gave is a local one, like most other nonlinear observers.
Contact Friction
In the presence of contact friction between the finger and the object, we need to consider two modes of contact: rolling polygon and contact edge. and sliding, according to whether the contact force lies inside the contact friction cone or on one of its two edges.
Each mode is hypothesized and solved; then the obtained contact force is verified with the contact friction cone for consistency. It is not difficult to set up motion equations for rolling and sliding that are similar to (2)- (5) and prove that local observability carries over to both situations. A GHO observer for pure rolling can also be derived. We will show the simulation results on this observer in the next section.
Simulations and Experiments
The GHO observers for frictionless contact (13) and for rolling were simulated. The object data in our simulations were randomly generated polygons. The coefficient of support friction was chosen to be uniformly 0.3. The finger accelerations and velocities used in simulations are achievable on an Adept robot.
For the rolling example shown in Figure 1 , the trajectories of U , s, w and their estimates C,.?, ~2 are shown in Figure 4 . Table 1 shows more test results with the same 4All time measurements in the figure and in the following We have built a "finger" with tactile capability using four strain gauges as shown in Figure 5 . The strain gauges are connected to an Omega PC plug-in card to form two Wheatstone half bridges that measure the components of a force exerted on the disk boundary along the x and y axes of the disk, respectively. When contact friction is small enough, the contact force measured by the gauges would be along the disk normal at the contact, thereby indicating the contact point.
The sensor can detect force in microstrains with a frequency over 2000 Hz. It reports a contact with the disk boundary in terms of its polar angle with respect to the disk center. After calibration, the sensed static contacts (in 1000 readings) constantly have a mean within one degree away from the real contact and a standard deviation of less than 0.5 degree.
To realize the GHO observer, we are working on improving the sensor readings of moving contacts which are currently noisy due to varying contact friction.
Summary
We have introduced a sensing approach based on nonlinear observability theory which makes use of one-finger tactile information. The approach determines the pose of a known planar object by pushing it with a finger that can "feel" the contact motion. It also estimates the object motion during the pushing.
The kinematics of contact and the dynamics of pushing yield a system of nonlinear ODES whose state includes the object pose and motion and whose output is the moving of observation for frictionless contact took about 600s.
Figure 5:
A force sensor for contact sensing. The sensor is composed of a horizontal disk and a cylindrical stainless steel beam erected vertically on the disk and attached to the gripper of an Adept robot at the top. Two pairs of strain gauges are mounted on the upper end of the beam where they would be most sensitive to any force exerted on the disk. contact on the fingertip. We establish the local observability of this system for the special case of a disk pushing a polygon. Such result is expected to carry over to most other finger and object shapes. This result forms the underlying principle of our sensing algorithm, which is an observer of the nonlinear dynamical system.
Based on the result of [6], we construct asymptotic nonlinear observers taking into account support friction and/or contact friction and demonstrate them by simulations. These online observers are capable of correcting any local error in estimating the object pose and motion. We have implemented a force sensor using strain gauges to detect contact locations. Preliminary experiments have been carried out with an Adept robot.
Our undergoing research focuses on the sensor experiments and the extension of pose and motion observability to 3-D tasks.
